We investigate the type I modes of instability within the compressible boundary-layer flow over a rotating cone, defined by general half angle ψ. The work extends previous studies into the compressible rotatingdisk flow (ψ = 90 o ) and incompressible rotating-cone flows. Generalised compressible von Kármán equations are established and solved numerically to give the laminar-flow profiles. We then conduct a high Reynolds number study into the stationary modes of instability by establishing a compressible Rayleigh equation which is solved numerically. The formulation enables a parameter study into the effects of Mach number, surface temperature and surface mass flux on both the laminar flows and their stability characteristics. Such a study is presented with a view to suggesting potential control mechanisms in aerodynamically-significant flows.
Introduction
The study of the boundary-layer flow due to a rotating disk has received great interest in recent years, mainly as a model for the swept-wing flow seen over aircraft wings, amongst other applications. Despite such focus on the rotating disk since the 1950s, only during the past couple of decades has interest in theoretical research into other axisymmetric rotating bodies increased. Engineering advances related to spinning projectiles and aeroengines along with other applications have led to the study of other rotating bodies becoming more industrially relevant. A better mathematical understanding of the onset of laminar-turbulent transition would potentially lead to an improvement in the design of such applications, and this is our motivation.
There have been many experimental and theoretical studies into identifying and understanding the different types of instability mechanisms found in three-dimensional boundary layers. From the early work of Gregory et al. [1, 2] through to more recently Lingwood [3, 4] and beyond, the case of a flow over a rotating disk has been extensively covered for incompressible flows. Similarly, experimental work by Kreith et al. [5] as well as Tein & Campbell [6] has lead to more recent theoretical studies by Garrett et al. [7, 8, 9] , who have made progress in understanding the stability characteristics in the case of the incompressible boundarylayer flow over a rotating cone. However, despite Turkyilmazoglu et al. [10, 11, 12, 13] making significant progress in the study of the compressible boundary-layer rotating disk problem, there has been little work investigating the compressible cone flow. Note that the disk is a special case of the cone as the half-angle ψ → 90 o . The motivation for this study is to extend this body of previous work to examine the effect of compressibility on a rotating cone flow for a general half angle ψ. This is intended to lead to advances in the previously mentioned physical applications. In particular, understanding the instability mechanisms of the rotating-cone flow will enable us to find ways of controlling laminar-turbulent transition within the boundary layer, which will lead to performance improvements in applications, potentially through the use of surface heating or mass flux. For example, for spinning projectiles this transition delay will help reduce drag as well as having a positive effect on control and accurate targeting; and in aeroengines, will help fuel efficiency by reducing drag.
Our aim is to complete a full stability analysis of the class of compressible boundary-layer flows over the family of rotating cones. However, to proceed with a stability analysis we must first formulate the basic velocity profiles, which is more complicated than the incompressible case due to an increasing number of parameters in the governing equations. In §2 we compute the basic velocity profiles by making a series of physically consistent assumptions, and numerically solving the resulting ordinary differential equations. Despite the necessity for a mathematical transformation to obtain the solution of this system, the resulting steady profiles are discussed in terms of their physical properties. In §3, a perturbation field is added to the laminar flows which leads to a system of linearized perturbation equations. An asymptotic (high Reynolds number) study is then carried out on these and the results discussed in terms of previous work for the incompressible case, eg. Garrett et al. [8] , and the engineering motivations listed above. Note that the half-angles considered here are for broad cones (ψ ≥ 40 o ) only; results for slender cones (ψ < 40 o ) are not given. Garrett and co-workers [8, 14, 15] suggest that a different formulation is required to capture the distinct mechanisms over slender cones, which is still under investigation.
2 The laminar-flow profiles
The cone geometry
Consider a cone placed in an otherwise still compressible fluid, which rotates about its axis of symmetry with angular velocity Ω * (where superscript * denotes dimensional quantities). The angle between the cone's surface and its axis of symmetry is defined as the cone half-angle ψ. The geometry is shown in Figure 1 and is formulated using Cartesian coordinates (X * , Y * , Z * ) with the origin placed at the tip of the cone. This is then transformed to the orthogonal curvilinear coordinates (x * , θ, z * ) which respectively represent a streamwise coordinate, an azimuthal coordinate and a surface-normal coordinate. The coordinate transformation is given by
with the scale factors of the orthogonal curvilinear coordinates (x * , θ, z * ) being given by h x = h z = 1 and h θ = h * = x * sin ψ + z * cos ψ, where r * 0 = x * sin ψ defines the local surface radius of the cone. This formulation is consistent with both Garrett [16] and Hussain [17] , who consider the incompressible case of the rotating cone boundary layer flow. This method for the compressible case is a generalization of work done by Turkyilmazoglu & Uygun [10] in the particular case of a rotating disk (ψ = 90 o ).
The governing equations
The governing equations, consisting of a continuity equation, the Navier-Stokes equations, a state equation and an energy equation are applied in a reference frame rotating with angular velocity Ω * about the X * -axis. These are given by 
where the Coriolis forcing term 2Ω × u appears due to the rotating frame. Note that this is in contrast to Garrett's [16] formulation, in which he uses a stationary frame. As would be expected, the stability characteristics are known to be independent of the frame of reference as long as care is taken in the formulation of the time dependence of the disturbances (see [16, 8] ). The vector u = (u * , v * , w * ) denotes the velocity flow field and r = (x * , 0, z * ) gives the position vector. The parameters given in equations (1)- (4) are defined as: ρ * the density, p * the pressure, λ * the second coefficient of viscosity related to the bulk viscosity, µ * the dynamical viscosity, M ∞ the free stream Mach number, T * the temperature, h the enthalpy and e ij are the components of the strain tensor. The heat capacity ratio γ is the ratio of the heat capacity at constant pressure c p to the heat capacity at constant volume c v . The parameter k is that associated with the Prandtl number σ, where kσ = c p µ.
Equations (1)- (4) are scaled and non-dimensionalized. The characteristic length along the cone surface, l * , is used to scale any length quantities. The surface normal coordinate is further scaled using the modified boundary layer thickness η. Hence we use
where R is the Reynolds number given by
The velocity quantities are then scaled by
and the pressure is scaled using
All other variables are scaled using their free stream values. Again, this method is consistent with Turkyilmazoglu [10] in the particular case of ψ = 90 o . To obtain the governing steady axisymmetric laminar-flow equations we neglect any dependence on time and the azimuthal coordinate θ and apply our scalings to equations (1)-(4). We then expand in terms of R and dismiss terms of O(R −1/2 ) due to the assumption of large Reynolds number. Physically this limits the analysis to high rotation rates and/or large characteristic length scales relative to the boundary layer thickness (as can be seen from equation 5) and is entirely appropriate in the context of the physical systems motivating this study.
Solution of the governing equations
To proceed in reducing the equations to a von Kármán type similarity solution we make further assumptions. We let the fluid satisfy Chapman's viscosity law, that is µ = CT for some constant C (which we set to unity without loss of generality). This is then used to remove the density terms from the equations using a Dorotonitsyn-Howarth transformation, used by Stewartson [18] , for example, and given by
The velocity and pressure quantities are then further scaled using
We introduce a stream function satisfying equation (1), and given by
This leads to the generalized set of von Kármán equations for the compressible boundary-layer flow over a rotating cone, given by 
Note that a prime indicates a spatial derivative with respect to y.
From this point on we solve the equations with respect to the spatial quantity y. We then reverse the transformation given by (6) to revert back to the physical spatial quantity z. By defining R = sin ψR 90 , where R 90 is the Reynolds number in the disk case and set to unity without loss of generality, we obtain
This reintroduces several physical parameters that were originally scaled out, namely wall temperature, cone half-angle and local Mach number, and facilitates a study of the physical effects of compressibility. The wall temperature and local Mach number will be set to unity unless stated. We solve equations (7)- (8) together with the boundary conditions (10) . An implicit fourth-order RungeKutta integration method is used to numerically solve the ODEs. Figure 2 shows the solution for the streamwise, azimuthal and wall normal components of the steady laminar-flow velocity in the boundary layer of a rotating cone. This is in agreement with the incompressible flow case [17, 3] .
We now introduce a non-zero surface mass flux condition on W . A suction parameterā is used to replace the zero boundary condition on the surface of the cone in the surface normal coordinate direction. This leads to the revised von Kármán boundary conditions
where a is the modified suction parameter a =
−ā
Tw , and is defined for −1 a 1. Figure 3 shows the plots for a uniform suction along the surface of the cone, for varying values of half angle ψ and suction parameter a. The ψ-dependence arises through the normal velocity boundary condition (11) , and is necessary to ensure a particular value of a represents the same physical surface mass flux across all ψ. Suction is seen to narrow the boundary layer, as would be expected, and also reducing the magnitude of crossflow velocity. Both of these are expected to have a stabilizing effect.
It is seen that the introduction of compressibility leads to the von Kármán equations having dependence on extra parameters not seen in the incompressible case; these parameters are all contained in (9) . To proceed further we rewrite the partial differential equation (9) as two ordinary differential equations (ODEs) via the temperature relation
Here f is a viscous dissipation quantity, q defines a heat conduction term and M x is the local Mach number defined by M x = x sin ψM ∞ . Then (9) is expressed as Now the boundary conditions for these coupled ODEs are considered. The free-flow uniform temperature from (10), along with the heat transfer at the wall, leads to the boundary conditions
The solution of the ODEs (13)- (14) along with boundary conditions (15) allows us to find temperature profiles for given values of the local Mach number M x and wall temperature T w . Figure 4 shows the effect of a change in local Mach number on the laminar flow profiles for T w = 1. Similarly, figure 5 shows the change brought by a change in the wall temperature for M x = 1. In both cases, a = 0. It is shown that compressibility has a stretching effect on the flow profiles due to the quadratic local Mach number term, with the wall temperature controlling the magnitude of the heat conduction integral term. The maximum streamwise velocity component U is seen to be delayed by an increase in either the local Mach number or wall temperature, and the azimuthal component V also sees a delay in tending to 1 due to an increase in either value. A low wall temperature produces similar results to the laminar flow profiles found in figure 2 , whereas for an increased wall temperature the W profile is seen to differ, which may suggest wall heating to have a destabilizing effect. This is consistent with previous investigations [13] and will be considered further during the stability analysis. 3 The stability analysis
Linear perturbation equations
To begin the stability analysis we add a perturbation field to the governing equations given in (1)- (4), such that
Expanding (1)- (4), linearizing the perturbation terms and ignoring O(R −   1 2 ) leads us to the full linear perturbation equations from which the stability analyses can proceed.
Inviscid Type I Modes
To progress with a study into the inviscid type I modes we consider the previous incompressible analysis by Hall [19] for the rotating disk and Hussian [17] for the rotating cone, along with the compressible rotating disk flow analysis by Turkyilmazoglu et al. [13] . We seek a normal mode solution and scale the inviscid mode wavelengths, α and β in the x and θ directions respectively, by the boundary layer thickness which is
Following the aforementioned previous work, we define a small parameter ǫ = R − 1 6 and let the perturbation velocity functions depend on the wall normal coordinate z only. The perturbations are then given byũ
with similar expressions for all other perturbationsṽ,w,p,ρ,T . Note that the time dependence has been removed which corresponds to a study of stationary modes within this frame of reference. The streamwise and azimuthal wavenumbers are expanded as
Following Hall [19] we restrict ourselves to neutral disturbances and find α and β such that the flow is neutrally stable at position x, hence α and β are real numbers. Then from the experimental study by Gregory, Stuart & Walker [1] , Hall [19] states that there is an inviscid layer of thickness O(ǫ 3 ). In the inviscid layer we expand the perturbations as
where η = zǫ −3 , with identical expansions for v, w, p, ρ and T .
Leading-order eigenmodes
Substituting the above expansions into the perturbation equations (17)- (22) and equating terms of O(ǫ −3 ) leads to the leading-order eigenmodes given by
where U = α 0 xu + β0v sin ψ . The quantities u 0 , v 0 , p 0 and T 0 can be eliminated from the above equations and we find an equation in w 0 and ρ 0 given by
The quantity γ x 2 sin 2 ψ and interpreted as the effective wave number, furthermore U is the effective velocity profile, as previously discussed by Hall [19] . Equation (16) is the compressible Rayleigh equation which dictates the leading-order stability of the flow.
Results
We proceed by solving the eigenvalue problem (16) subject to the boundary conditions at the cone wall and infinity given by w 0 = 0 at z = 0, ∞. Due to the effective velocity having a root in the domain, there exists a singularity at this point. To remove this singularity we choose z = z such that U = U ′′ = 0 at this point, known as the location of the critical layer. We then solve the eigenvalue problem using a central finite differences method. Choosing parameters of T w = 1 2 ,M x = 1,ψ = 60
• leads to a solution given by z = 1.0226 γ 0 = 0.5977
To interpret the results physically we consider the spiral vortices that wrap around the cone at an angle to the cone meridian. The normal to these spiral vortices is in the direction of the effective velocity and is at an angle φ to the streamwise position vectore, which defines our waveangle φ (see [8] for figure). Then our results are related to the spiral angle by the relation µ sin ψ = tan φ. The wavenumbers for neutrally stable modes are given by γ 0 . Figure 6 shows the profile for w 0 for given values of T w and M x , with varying ψ. Also shown is the effect of an active suction parameter. The profile shape is consistent with that of the incompressible case [17] , with a larger value for the velocity peak. This is physically plausible as we would expect compressibility to cause the perturbations to have a greater initial velocity due to a change in fluid density being possible. Including a non-zero value for a is seen to have a relatively large effect on the w 0 profile, however an increase in a is then seen to cause little change, which suggests that suction along the cone wall is a stabilizing feature. As the suction is turned on the leading order wall normal perturbation quantity w 0 quickly reduces in magnitude, almost immediately eliminating the effect of the perturbation. This is consistent with previous results where suction is seen to be a stabilizing mechanism. Figure 7 presents the leading order wavenumber and waveangle predictions for the inviscid neutrally stable modes, under several different parameter combinations. The wavenumbers are consistent with the incompressible case in that as the half angle grows the wavenumber grows, however is it not expected that the full stability characteristics will be available until considering the next order corrections. For the waveangles, as the half angle increases the spiral vortices deviate further from the streamwise direction, which is in agreement with the incompressible case ( [8] ), due to an increased rotational shear force on the vortex spirals as the gradient of the cone's surface grows as ψ increases. 
Conclusion
In this study we have established the generalized von Kármán equations for compressible boundary-layer flow over a rotating cone under the assumption of large Reynolds number. The resulting ODEs have been solved numerically to give the laminar flow profiles for the scaled streamwise, azimuthal and wall normal components of the steady velocity flow field. We then introduced a surface suction through the cone and considered the effect for different half-angles ranging from ψ = 40
• -90 • . Surface suction was shown to narrow the boundary layer and reduce the magnitude of crossflow velocity for any particular set of flow parameters. Suction is therefore expected to be stabilizing, consistent with previous studies of related flows.
An asymptotic study into the inviscid modes led to results for the leading order wall normal eigenfunction, as well as leading order predictions for the wavenumbers and waveangles for the neutrally stable modes. In agreement with the incompressible case we see that an increase in the cone half angle leads to higher wavenumbers which implies a more stable flow. Whilst this is positive, the next order correction terms are needed before we can look at the full stability characteristics.
We have been concerned in the particular case of air flow, setting σ = 0.7 and γ = 1.4. Most gases have values of σ ≈ 0.16-0.8 and γ ≈ 1-1.7, however changes in these parameters would cause little change in the given results. Hence similar qualitative results are expected for all combinations of σ and γ.
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